INTRODUCTION
In this note, we consider elliptic operators L of the form where the coefficients aij are defined in some bounded open set n ~ R" , are measurable, and satisfy the ellipticity and boundedness condition (2) n llc;1 2 S L a;j(x)C;;C;j S r 1 1c;1 2 ; .j=1 for some l > 0 and for all x E 0 and C; E R" . We also assume a;j = a j ;.
For such operators, the Dirichlet problem is solvable in n if and only if it is solvable for the Laplace operator, according to a theorem of Littman, Stampacchia and Weinberger [I] . This means that if n ~ R" is a sufficiently nice bounded region (the unit ball, B, is an example) and J is a given continuous function on the boundary of 0, then there exists a unique function u, continuous on n, so that L(u) = 0 in nand u = J on on. Let us assume, for convenience, that the origin belongs to O. Then the mapping J E ~(on) -> u (O) is a positive linear functional so there exists a unique nonnegative measure w on 00 such that for every J E ~(on),
Jun
This measure w is called the harmonic measure associated to L. It is often important for applications to know whether or not w is absolutely continuous with respect to the surface measure da on the boundary of n. If this is the case, it is also of interest to know how nice the Radon-Nikodym derivative dw/da (the Poisson kernel) is.
In recent years, several results have been found to answer these questions. First, according to a result of Caffarelli, Fabes, and Kenig [2] there exist elliptic operators L of the form (I) such that the measure W associated to L is not absolutely continuous with respect to a. Later, Fabes, Jerison, and Kenig [3] proved the following theorem: Di(aijDj ) . where the aij satisfy (2) . Suppose further that the coefficient matrices A(x) = (aij(x») are continuous on B. Let the modulus of continuity 1' / be defined for 0 < t < I by O<s:51 Assume that J O I 1'/2(t)dt/t < 00. Then W is absolutely continuous with respect to a. In addition. if dw = k da then k satisfies the reverse Holder inequality (3) (
Then in [4] , Dahlberg extended this result to the case where the coefficients of L are discontinuous, and to a more general setting. To describe his result, let us recall several definitions. If ~ ~ DB is a surface ball centered at x E DB , of radius r, then we set S ( 
The smallest C for which (4) is valid is called the" B P norm" of f.
In [4] , Dahlberg proves the following theorem:
Suppose Lo and L I are two operators of the form (1). with coefficient matrices Ao(x) and AI(x) respectively. For zEB set To state our result, let us recall that a function f(x) ~ 0 on DB belongs to A oo if and only if for dv = fda, and any subset E ~ ~, ~ a surface ball, we
for some 0> O.
Then it is well known, [5] , that f E A oo if and only if f E B P for some p > 1 .
The result of this article will give a criterion which, on the formal level, looks very much like the Dini condition of Fabes, Jerison, and Kenig which guarantees that if the difference of the coefficient matrices Ao and A I of two elliptic operators Lo and L I meets the criterion, then Wo = koda, ko E A oo implies that WI = kl da , with kl E A oo • We are not able to prove that the B P condition is preserved for a given p. Thus the conclusion of the theorem of Dahlberg is stronger than ours here. The significance of our result comes from the fact that, unlike the results in [3] and [4] our hypothesis does not require that the coefficients of Lo be uniformly close to those of LI as we approach the boundary of B, in order to guarantee that the good properties of the harmonic measure associated with Lo are inherited by that of LI .
STATEMENT OF THEOREM
Suppose that Lo and L I are elliptic operators in divergence form (I) with bounded measureable coefficients defined in the unit ball, B . Suppose, as above, Ao(x) and AI (x) denote their coefficient matrices, and Wo and WI the associated harmonic measures.
As above, for Z E B set
where J (z) is the distance of z to the boundary of B. Then we have the following:
Then WI is absolutely continuous with respect to a and WI = klda where kl E A oo .
The proof of our theorem follows the method of Dahlberg in [4] . There, Dahlberg considers the family of operators Lt' 0 ~ t ~ I, given by L t = (l-t)Lo+tL I • Let lOt denote the harmonic measure associated to L t and Q(t) the B P norm of lOt. He proves the differential inequality
where Q(t) is the t derivative of Q(t), C depends on the Carleson measure constant of a 2 dz / J , and A., the ellipticity constant. N is some large positive integer. This differential inequality shows that if a 2 dz/J is a Carleson measure of vanishing trace (so that essentially C can be taken as small as desired) and Q(O) < 00, then Q( 1) < 00. The smallness of C is obviously crucial, since the solution of the equation IQ(t)1 = CQ(tt has a singularity when N> 1. Our aim here is to replace the differential inequality above with IQ(t)1 ::; CQ(t) ,
i.e., N = I. C can then be as large as we like.
As one application of our theorem, we introduce the following notion, which we call "region of arbitrary perturbation." Let n ~ lR n be a bounded region in which the classical Dirichlet problem is solvable, and let no ~ n be a subregion. We call no a region of arbitrary perturbation provided whenever
Lo and LI are two elliptic operators of the form (1) with coefficients Ao(x) and AI (x), then if Ao(x) -AI (x) is supported in no, and if the harmonic measure associated with Lo is ACXl on an, then this implies that the same is true for the harmonic measure associated with LI . Now set B+ ~ lR n + 1 to be B+={(x,Y)lxElRn,y>O, andlxI 2 +l< I} and B+(!) = {(x, y) I x E lR n ,y > 0 and Ixl 2 + l < n.
Suppose qJ(x) is a function defined on the ball centered at 0 of radius ! in lR n whose graph is contained in B + (!) and which is slowly oscillating in the sense that there exists a constant C so that for each Xo E B I / 4 (0), we have Then no is a region of arbitrary perturbation, as can easily be seen from our theorem. The notion of regions of arbitrary perturbation can be used to yield information on the harmonic measure associated with some basic examples of elliptic operators. A discussion of these will appear elsewhere.
Proof of the Theorem. Consider Lo and L I as in the statement of our theorem, and let L, = (l-t)Lo+tL I with associated harmonic measure w,. In [4] it is shown that we may assume that the coefficients of the L, are CCXl in B. Let w, = k,da, and .1 be a surface ball on aB, .1 centered at Xo of radius r. Let A = B(x o ; 2r) n B. We are trying to show that if ko E ACXl then the same is true of k\. To this end, let Ci be the normalized surface measure on .1, i.e., a = a/a(.1). We shall show that (5) and this shows that kl E ACXl . To do this, we require a trivial lemma, which the reader will notice is essentially just exploiting the duality of HI with BMO.
Lemma. Fix to E [0 , I], and .1 ~ aB a surface ball centered at Xo of radius r.
There exists afunction f(x) defined on the boundary of B, which is continuous,
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use nonnegative, supported in the surface ball centered at Xo of radius ~ r, ,1, such that IlfIIBMO(da) + Ilfliv (daja(t.)) ~ CII and hfkto dO-~ cllllktoIlL(logL)(da)' (Here C Il ' c ll depend only on n.) Proof of Lemma. We clearly may assume, by homogeneity, that IIktoIlV(da) = 1. By a well-known theorem of E. M. Stein [6] ,
where k t : denotes the Hardy-Littlewood (dyadic) maximal function of kto taken over cubes contained in ,1. Perform the Calderon-Zygmund decomposition of the kto at heights B j , j = 1 , 2 , ... , where B is as follows:
Let the Calderon-Zygmund cubes at height B j be called Qi. Then choose B so large that a (Q; n [Y,Q;,;I]) < ~a(Q;).
Then let ffJ~ be a nonnegative smooth bump function which is I on Qi and o off of the dilate of Q; by 3/2. It is trivial to show that the function f = Lj.f ffJ~ + ffJ belongs to BMO(da) (ffJ E C OO (8B)) , ffJ ~ 0, ffJ == 1 on ,1, and is supported in the concentric dilate of ,1 by 3/2) and
This proves the lemma. Now, to show (5), we fix to E [0,1] and ,1, and we select f as in the lemma, and estimate (6) and this ratio is shown in Dahlberg [4] to be equivalent to a quantity V as fol- 
it.
where Ilk/ II L log L (dl1/l1(a) ;a) 
. Also, our assumption on a implies that F E L 00(£2) and IG(x)l p 2 = S(f)(x).
We therefore see that 
At this point, we observe that w t satisfies a doubling condition on surface balls [7J, with doubling constants depending only on the ellipticity constants of L t , and so
where C" depends only on n, C, and the ellipticity constant of Lo and LI ' and where la = (l/w t (d)) fill dw t · Next, we claim that II/lIsMO(dw') ::; C III Q(t). In fact, if Q is a surface cube on oR, and if IQ = (l/a(Q)) fQ I da, then 1 ( a(Q) ( da wt(Q) lQ II -IQI dWt = wt(Q) lQ II -IQlkt a(Q) proving the claim. Finally and this implies the bound on Q( 1) we require to finish the proof of the theorem.
